To improve the ability to determine a vehicle's movement information even in a challenging environment, a hybrid approach called non-Gaussian square rootunscented particle filtering (nGSR-UPF) is presented. This approach combines a square root-unscented Kalman filter (SR-UKF) and a particle filter (PF) to determinate the vehicle state where measurement noises are taken as a finite Gaussian kernel mixture and are approximated using a sparse Gaussian kernel density estimation method. During an outage-free GPS period, the updated mean and covariance, computed using SR-UKF, are estimated based on a GPS observation update. During a complete GPS outage, nGSR-UPF operates in prediction mode. Indeed, because the inertial sensors used suffer from a large drift in this case, SR-UKF-based importance density is then responsible for shifting the weighted particles toward the high-likelihood regions to improve the accuracy of the vehicle state. The proposed method is compared with some existing estimation methods and the experiment results prove that nGSR-UPF is the most accurate during both outage-free and complete-outage GPS periods.
I. Introduction
The accurate movement information of a vehicle is required in an intelligent transport system for advanced driver assistance and collision avoidance systems. Accurate information determination is a fundamental issue, but is difficult to handle, particularly in challenging environments. The Global Positioning System (GPS), for instance, is one of the sensor technologies used to provide accurate position and velocity information. Meanwhile, the weak reception of a GPS signal causes additional challenges to self-localization in indoor environments [1] , [2] . Alternatively, GPS is integrated with low-cost sensors such as an accelerometer, dead reckoning and gyroscope sensor information coming from the inertial navigation system (INS) [3] , [4] . Most techniques, for instance, those described in [3] - [5] , for fusing the position information from GPS and INS sensors employ nonlinear filtering approaches, which are adequate for addressing the nonlinearity by considering that the system may be corrupted by zero-mean Gaussian white noise sequences. Nonetheless, it has been demonstrated that in most engineering systems, many physical environments can be handled more accurately as a non-Gaussian rather than Gaussian observation [6] , [7] . Our study is focused on developing a deterministic approach that enables the vehicle state determination with high accuracy when GPS signals are available (outage-free GPS service period) or totally absent (complete GPS outage) using a multi-sensor system and taking into account the nonGaussian aspect of the measurement noise. Over the recent years, there have been important ongoing researches into vehicle state estimation, and different measurement techniques have been developed for this purpose. The most nonlinear method used to fuse data from sensors, and to therefore estimate the vehicle state, is the extended Kalman filter (EKF). However, owing to its non-negligible approximation error with strong nonlinear models, the authors in [8] introduced the unscented Kalman filter (UKF) as an alternative method using a deterministic sampling scheme consisting of the "sigma points." Furthermore, to overcome the computational complexity caused by the UKF, a square-root UKF (SR-UKF) was presented in [9] . In contrast, a particle filter (PF), bootstrap filter, and sequential Monte Carlo method have been developed in the fields of engineering and statistics [5] , [10] . The main contribution of a particle method is to approximate the Bayesian posterior probability density function (PDF) using a set of randomly chosen, weighted samples.
In particular, the integration of SR-UKF in a PF produces the so-called square root-unscented particle filter (SR-UPF). This method has been used to compute the importance density and state covariance at each time step, for instance, and hence overcome the challenge caused by the proposal distribution of the PF [11] , [12] . Like a PF, this nonlinear filtering method can dispose of both Gaussian and non-Gaussian noise. Through an angle-only tracking example, the authors in [11] demonstrated the effectiveness of SR-UPF. Moreover, Zandara and Nicholson [12] introduced SR-UPF for solving simultaneous localization and mapping on grid-based maps, and proved that the method can not only increase the precision during an odometry update but also decrease the computational time required for a pose correction. Although the use of SR-UPF in these works is motivational, none of them has handled the problem of determining the movement information of a target in a challenging environment. Furthermore, a novel hybrid fusion algorithm [13] was presented to bridge the period of GPS outage using a low-cost INS, and a good improvement in the positional accuracy was found against some of the existing learning methods. Although the sensors used in the aforementioned works are reliable and relatively accurate, the authors did not adequately deal with measurement noises, which may influence the accuracy of their proposed methods. Different methods such as a non-Gaussian model/sliced Gaussian mixture filter [6] , Gaussian error distribution [14] , Gaussian mixture distribution [15] , and general Gaussian kernel density estimation [16] have been presented with the intention of addressing non-Gaussian noises.
Objectives and Contributions
The main objective of this study is to develop a hybrid approach taking into account the measurement noise as nonGaussian distributed, thus providing a better accuracy of the vehicle state during both outage-free and complete outage GPS outage periods using a multi-sensor system. To achieve this, we propose an algorithm called non-Gaussian square rootunscented particle filtering (nGSR-UPF). This technique is based on an improved version of a PF, and combines the UKF and PF for an integration of GPS and INS information. Moreover, a sparse Gaussian-kernel density estimation (SG-KDE) is taken into consideration to approximate the nonGaussian probability density, whereas the least absolute shrinkage and selection operator (LASSO) technique is introduced with the intention of reducing the computational burden of nGSR-UPF caused by the kernel weight. This technique optimizes the non-Gaussian probability density in general by rendering most of the elements of the weight vector to zero. We propose the use of nGSR-UPF to merge the GPS and inertial sensor measurements for three reasons: First, this method relies on an unscented transformation (UT), which is a method for calculating the statistics of a random variable undergoing a nonlinear transformation. Second, it can successfully deal with non-Gaussian distribution noise and can therefore be considered a non-parametric estimation method for non-linear/non-Gaussian applications. Finally, in the case of GPS availability (outage-free GPS period), the updated mean and covariance computed using SR-UKF are estimated based on the GPS observation updates, whereas during a complete GPS outage, nGSR-UPF operates in prediction mode. Indeed, the SR-UKF-based importance density is then responsible for shifting the weighted particles toward the high-likelihood regions because, during this period, the low-cost inertial sensors used may suffer from a large amount of drift.
To highlight its improvement, nGSR-UPF was compared with the existing nonlinear estimation methods such as the unscented particle filter (UPF), Gaussian sum particle filter (GSPF), and EKF. The results from the experimental data and the statistical evaluation confirm that the performance of nGSR-UPF, in terms of vehicle state accuracy, is superior to that of the adopted estimation methods during both outage-free and complete-outage GPS periods. We also demonstrated that nGSR-UPF based on LASSO is computationally less demanding than nGSR-UPF without LASSO because the latter suffers from a kernel weight complexity.
The rest of this paper is organized as follows. We begin in Section II with a description of the system, and in Section III introduce the sparse Gaussian-kernel density estimation and the proposed nGSR-UPF algorithm for vehicle state determination. Section IV is devoted to a comparison between the experimental and computational results. Finally, a summary of this work is provided in Section V.
II. System Description
In this framework, a dynamic model is used to predict the vehicle state information and is given by   
where ( ) h  is a nonlinear function, and t  stands for the measurement noise sequence. In our present scenario, the measurement (or observation) noise t  is assumed to be nonGaussian distributed [6] , [7] and will be taken as a finite Gaussian kernel mixture. Furthermore, (1.b) indicates the relation between the measurements Z t and the state X t . When GPS signals are available, for instance, the measurements { ; ; , }
where Z GPS stands for the GPS measurements, and p Z is the measurement vector dimension. However, when complete GPS outages occur, the technique uses the available measurements provided by the accelerometer, and in this case,
where Z acc represents the accelerometer output signal. Our structure works as a GPS aided INS system, where GPS position and velocity data are used to estimate the vehicle position and velocity, and INS (accelerometer) information is used to predict the vehicle position and velocity during complete GPS outages. Indeed, acceleration measurements are integrated once and twice to establish the velocity and position, respectively. We limited the scope of this study to a state determination using these two sensors (GPS and accelerometer) to demonstrate the efficiency of the proposed positioning and velocity solutions. In this work, an improved version of a PF, the SR-UPF technique [11] , [12] , is used to merge the GPS measurements Z GPS and inertial sensor measurements Z acc aiming to determine the vehicle state information. Indeed, SR-UPF is obtained by combining the PF with SR-UKF [9] . In practice, the UKF uses several "sigma points" to calculate the mean and covariance of random variables, and these sigma points propagate through a true nonlinear system. In the SR-UPF, the number of sigma points should be much smaller than the number of particles for a better implementation [8] . Moreover, the PF at its foundation is able to address extremely nonlinear models with any type of noise distributions. Based on the assumption that measurement noises are non-Gaussian distributed, the proposed method used to determine the vehicle information is therefore referred to as nGSR-UPF.
III. Non-Gaussian Square-Root Unscented Particle Filter
In this section, we first briefly introduce the SG-KDE method, which is utilized to approximate the measurement noises, considered as a finite Gaussian kernel mixture, and the proposed technique for vehicle state determination is then discussed. In statistics, kernel density estimation (KDE) is a nonparametric procedure used to estimate the PDF of a random variable. KDE is a fundamental data-smoothing problem satisfying the continuity or differentiability property such that data are sampled from a given distribution. Although there are various kernel functions [17] , this work refers to a Gaussian kernel function, which is most often used in the literature and is adequate to address non-Gaussian noise [7] .
Sparse Gaussian-Kernel Density Estimation (SG-KDE)
Referring to the nonlinear dynamic state model described in (1.a) and (1.b), the density probability ( ) t p  related to measurement noise is approximated through a general Gaussian kernel density estimation as follows [16] :
subject to 0,
and where 
Clearly, from (3) 
where 1 2 [ ]
The main purpose is to sensibly optimize the kernel weight until most of the elements in j  reach zero. Note that the kernel method without a sparse property becomes very slow and requires a large memory space to store the sample data. This motivated us to sparsify the Gaussian kernel weight, and, the process is therefore called SG-KDE. In this paper, the constant value presented in [18] as the bandwidth determining the "width" of the weighting function is considered. For the weight sparsification, there are a variety of methods in the literature such as the multiplicative nonnegative quadratic programming (MNQP) algorithm [19] , sparse PDF estimation based on the minimum integrated square error (MISE) [20] , and sparse kernel density construction using orthogonal forward regression [21] . This paper refers to LASSO, which is one of the suitable estimators widely used to handle the variable selection problem [22] . Indeed, assume now that (4) can be equivalently expressed in matrix form as
where
Given regularization parameter  and threshold parameter , the weight optimization based on the LASSO method is defined as follows:
such that   Finally, the kernel weight will be computed based on the normal equation definition [23] and hence most of its elements are set to zero:
Given the dimensions of the matrices K, Recall that this updated kernel weight, which speeds up the computation, will also be used in the measurement process given that, at the start step t = 0, the prior knowledge X 0 is defined based on the PDF and is assumed to be known. Furthermore, referring to (1.b), if the first measurement Z 1 and X 1 are known at time t = 1, the current measurements using Bayes' formula is as follows [24] :
This process continues up to the t th measurement (t = 1, … , T).
Proposed nGSR-UPF Algorithm for Vehicle State Determination
During the GPS signal availability (free GPS outage), vehicle information such as the position and velocity are provided by GPS. However, during the complete GPS outage, an inertial sensor (that is, an accelerometer) is used to predict the vehicle position and velocity, as described in Section II. As shown in Fig. 1 , the accelerometer and GPS are combined as a data fusion system using the proposed nGSR-UPF. Based on this new method, the determination of the vehicle state consists of predicting and estimating the vehicle information during complete-outage and outage-free GPS periods, respectively.
In the present algorithm, the contribution of the SR-UKF is to highlight the parameters from which the sampling strategy are assumed to be corrupted from non-Gaussian noise, and the latter is taken as a finite Gaussian kernel mixture where SG-KDE is adopted for its approximation. To decrease the computational complexity during this process, and thus provide the reliably predicted measurements GPS/ACC. , Z SR-UKFs are used instead of UKFs for each particle. During an outage-free GPS period, the updated mean and covariance matrix, computed using SR-UKF, are estimated based on the updating of the GPS observations. On the other hand, because the accelerometer sensor suffers from a large drift during a complete GPS outage, the SR-UKF-based importance density operates in prediction mode and is responsible for shifting the weighted particles s t X toward the high-likelihood regions; consequently, the information can be accurately predicted. Furthermore, based on (9), the weight updating of different particles can be computed as follows:    such that the sum of all weights will be equal to 1. In the measurement update, the new measurements are used to assign a probability represented by the normalized importance weight to each particle. Furthermore, the suitable multinomial sampling [25] used to determine the resampling scheme is adopted in this paper. This scheme consists of eliminating particles with small weights and replacing them with particles with large weights. The detailed procedures for this proposed method are summarized in Algorithm 1. 
13: End If

IV. Experimental and Computational Comparative Study 1. Simulation Setup
The performance of the proposed method was evaluated with respect to real-world data collected using a smartphonebased vehicular sensing model. The test vehicle was driven along different roads in the Hunan University area at different speeds for about 25 min. The mobile computing device used not only comprises Assisted-GPS support and GLONASS but also includes the usual accelerometer, gyroscope, proximity, compass, and ambient light sensors for improving the urban navigation performance. Although a gyroscope sensor can continuously provide the velocity even during complete outages, the GPS velocity was preferred for the road experiment in order to examine the stability and robustness of the proposed method, not only for the position but also for the velocity when GPS signals are blocked. The technical specifications of the smartphone sensors used are highlighted in Table 1 .
Throughout the test, although the imbedded GPS receiver can detect signals from several satellites, its design is limited to the demodulation of signals from at most six satellites, and no natural GPS outages were detected. Moreover, at each time, at least four satellites were detected except for some negligible cases where less than four satellites were detected. As supported by Kaplan and Hegarty [26] and Mok and others [27] , GPS measurements and GPS accuracy are reliable if the signals arrive from at least four GPS satellites.
The performance of the nGSR-UPF method is then evaluated by comparing its output to that of the GPS, which was considered as a reference. Moreover, for testing purposes, nine short and long complete GPS outages, shown in Fig. 2 , are intentionally introduced to compare the performance of the proposed method under various conditions (that is, outage-free and complete-outage periods). Indeed, these complete outages are simulated from 73 to 109, from 268 to 307, from 532 to 562, from 602 to 643, from 699 to 748, from 780 to 827, from 991 to 1,041, from 1,111 to 1,163, and from 1,290 to 1,345 s with lengths of 36, 39, 30, 41, 51, 47, 50, 52, and 55 s, respectively.
Although the sensors used provide vehicle information in a three-dimension system, that is,
a a a a expressed in terms of the East-North-Up coordinate system, a two-dimension system (East-North) for the vehicle position, velocity, and acceleration was considered in this experiment for simplicity. Hence, the state vector is composed of six elements such that [ , , , , , ] . 
Comparison and Analysis Results
In this paper, different parameters are used to evaluate the performance of the proposed algorithm. Indeed, the number of Gaussian kernels and the constant kernel bandwidth are set to L = 5 and  = 1.0, respectively, according to [18] . Moreover, in our cases, is considered the optimum number guaranteeing that all mixtures are statistically independent.
The mean j  in six-dimensions is given by respectively. Concretely, for better implementation [8] , 1,000 particles were drawn for the bootstrap PF with resampling after each measurement, and 100 Monte Carlo runs were applied.
The expectations were computed using UT with 2* 1 m  sigma points, where m indicates the state dimension. The proposed nGSR-UPF solutions are compared with the classic estimation methods such as Gaussian sum particle filtering [28] , EKF, and UPF, where the process and measurement noises are assumed to be Gaussian distributed (that is, ~(0.05;1) i t N  ) and non-Gaussian distributed (using SG-KDE), respectively. Figure 3 highlights the comparison of the vehicle state errors obtained using the aforementioned methods across 1,410 iterations.
Based on the positioning and velocity results presented below, we can conclude that during outage-free GPS periods, the contributions of the proposed nGSR-UPF and GSPF are significant. The main reason for this is related to the fact that GSPF and nGSR-UPF can overcome the degeneracy and perform well for the state estimation in a non-Gaussian noise environment.
Specifically for nGSR-UPF, the updated mean and covariance matrix computed using SR-UKF are estimated based on the GPS observation updating, which render it more accurate.
Moreover, as one can see, UPF is moderately less accurate than GSR-UPF. Indeed, the introduction of the square root in nGSR-UPF reduces not only the computational cost, but also the state error covariance, and thus increases the numerical stability when compared to the standard UPF [29] .
During a complete GPS outage where an accelerometer inertial sensor is used to provide vehicle positioning and velocity, one can see that nGSR-UPF and UPF based on SR- UKF and UKF, respectively, perform much better than EKF and GSPF. Indeed, because the accelerometer sensor suffers from a large drift during this challenging case, both SR-UKFand UKF-based importance density operate in prediction mode and are responsible for shifting the weighted particles toward the high-likelihood regions, which notably decreases the vehicle positioning and velocity prediction errors. On the other hand, although EKF is relatively easier to implement and is reliable under many practical situations, it is the worst estimator and predictor among those adopted during both outage-free and complete-outage GPS periods. In fact, this is due to the strong nonlinear state equations, which may bring about fickleness problems [30] , especially in non-Gaussian environments. Figure 4 shows the averages of the maximum state errors expressed in terms of percentage (%), and it can be seen that the average maximum state error increases as the length of the outages increases. Indeed, let us consider for instance the three last complete outages at position (X) with durations of 50 s, 52 s, and 55 s, respectively. The average maximum positioning errors are 0.1179 m, 0.6459 m, and 0.9069 m, respectively, for nGSR-UPF; 0.709 m, 1.034 m, and 1.349 m, for GSPF; 0.424 m, 0.807 s, and 1.004 m, for UPF; and 1.1 m, 1.6 m, and 1.9 m, for EKF. These results are consistent because the outage lengths where only data from an accelerometer inertial sensor are used to replace the GPS information (position and velocity) are not extremely large. This observation is also supported by the authors in [31] , who demonstrated that, in general, bridging using inertial sensors can be applied for only a very short period of time.
Moreover, based on the shortest and longest complete GPS outages, for instance, Fig. 4 shows that, in comparison with EKF, nGSR-UPF enhances the state accuracy during complete GPS outages (shortest, 30 s) by 49.8%, 61.4%, 28.5% and 22.3% at positions (X) and (Y), and at velocities (X) and (Y), respectively. However, compared with GSPF, the solution improvements are only 18.5%, 50.2%, 20.0%, and 18.7% at positions (X) and (Y), and at velocities (X) and (Y), respectively. In addition, during complete GPS outages (longest, 55 s), it can be stated that nGSR-UPF enhances the , and at velocities (X) and (Y), respectively. Although nGSR-UPF and UPF generally present good positioning results in all four state components, nGSR-UPF is more accurate than UPF owing to the use of the square root method, which significantly decreases the state error covariance and thus increases the numerical stability. In sum, the use of the nGSR-UPF scheme allows the vehicle's movement information, such as the position and velocity, to improve significantly during both free and complete GPS outages.
Computational Complexity
The contribution of LASSO in nGSR-UPF was evaluated based on the time complexity of the kernel weight. The simulation was conducted using MATLAB as the data processing software installed in an X86-based PC with a CPU clock speed of 2.70 GHz and 2 GB of RAM. As mentioned in Section III, the computational cost related to the LASSO technique is given by O(Mm c is the number of non-zero variables in matrix K. Figure 5 illustrates the average execution times (in terms of the CPU time) for determining the vehicle state using nGSR-UPF in the presence and absence of LASSO for different numbers of particles. In short, nGSR-UPF without LASSO is slower than with LASSO owing to the complexity of the kernel weight.
V. Conclusion
In this paper, the performance of nGSR-UPF was examined and its results compared with those of the existing estimation methods, such as GSPF, UPF, and EKF, for vehicle state determination. In the proposed method, the Gaussian kernel density estimation is used to deal with non-Gaussian measurement noises taken as the finite Gaussian kernel mixture, and the LASSO technique is used to optimize the computational cost caused by the kernel weight. We showed that nGSR-UPF without LASSO is more computer-intensive than nGSR-UPF with LASSO. The proposed method was tested under outage-free and complete-outage GPS conditions using a multi-sensor system, and the results reveal that nGSR-UPF enhances the vehicle state accuracy in both cases, and presents a lower average maximum state error in comparison with the adopted estimation methods. Future research will focus on an evaluation of the proposed method when the period of complete GPS outage is significantly long (for example, greater than 100 s).
